Error analysis in the kernel reconstruction in a semilinear parabolic problem with integral overdetermination by Van Bockstal, Karel et al.
Book of abstracts of the 6th International Conference
on Advanced Computational Methods
in Engineering, ACOMEN 2014
23–28 June 2014.
Error analysis in the kernel reconstruction in a semilinear
parabolic problem with integral overdetermination
Karel Van Bockstal∗1, Rob H. De Staelen1 and Márian Slodička1
1 Department of Mathematical Analysis, Faculty of Engineering and Architecture, Ghent
University, B-9000 Ghent, Belgium
e-mails: karel.vanbockstal@ugent.be, rob.destaelen@ugent.be,
marian.slodicka@ugent.be
Abstract
A semilinear parabolic problem of second order with an unknown solely time-dependent
convolution kernel is considered. We already proved, based on a given global measure-
ment, the existence of a unique weak solution. In this contribution, we perform an error
analysis of the proposed numerical algorithm based on Rothe’s method.
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1 Introduction
In [1], we determined the solution u and reconstructed a solely time-dependent convolution
kernel K of the following nonlinear problem

∂tu − ∆u + K (t )h + (K ∗ u) (t ) = f (u,∇u), in Ω × Θ,
−∇u · n = д, on Γ × Θ,
u (x,0) = u0 (x),
(1)
where Ω is a Lipschitz domain in RN , N ≥ 1, with ∂Ω = Γ and Θ = [0,T ], T > 0, the time
frame, when a global measurement ∫
Ω
u (x,t )dx =m(t )
is known. Such type of problems arise for example in the theory of reactive contaminant
transport [2]. We proved the following [1]:
Theorem Suppose f is bounded and Lipschitz continuous in all variables, д ∈ C1 (Θ,L2 (Γ)),
h ∈ C0 (Θ,H1 (Ω)) ∩ C1 (Θ,L2 (Ω)) and mint ∈Θ |(h(t ),1) | ≥ ω > 0, m ∈ C2 (Θ,R) and u0 ∈
H2 (Ω). Then there exists a unique couple solutions 〈u,K〉 to (1), where u ∈ C(Θ,H1 (Ω)), ∂tu ∈
L∞ (Θ,L2 (Ω)) and K ∈ C(Θ), K ′ ∈ L2 (Θ).
In this contribution, we derive error estimates for the time discretized model.
page 107 of 223 ISBN: 978-9-08223-090-1 ACOMEN©2014
[paper 51]
2 Time discretization
We apply the Rothe method [3]. Consider an equidistant time-partitioning of the time frame
Θ with a step τ = T /n, for any n ∈ N. We use the notation ti = iτ and for any function z we
write
zi = z (ti ), δzi =
zi − zi−1
τ
.
Now, let us introduce the following piecewise linear function in time
un : Θ→ L2 (Ω) : t 7→
u0 t = 0ui−1 + (t − ti−1)δui t ∈ (ti−1,ti ] , 0 ≤ i ≤ n,
and a step function
u¯n : Θ→ L2 (Ω) : t 7→
u0 t = 0ui t ∈ (ti−1,ti ] , 0 ≤ i ≤ n.
Similarly, we dene K¯n , h¯n , д¯n , m¯n and m′n . At time ti , we infer from the variational formu-
lation of (1) the backward Euler scheme
(δui ,ϕ) − (∆ui ,ϕ) + Ki (hi ,ϕ) +
i∑
k=1
(Kkui−kτ ,ϕ) = ( fi−1,ϕ). (2)
where fi = f (ui ,∇ui ) and where Ki is recovered from the integral overdetermination. Using
Rothe’s functions, we can write the discretized problem on the whole time frame as1
(∂tun ,ϕ) + (∇u¯n ,∇ϕ) + (д¯n ,ϕ)Γ + K¯n (h¯n ,ϕ) +
bt cτ∑
k=1
(K¯n (tk )u¯n (t − tk )τ ,ϕ)
= ( f (u¯n (t − τ ),∇u¯n (t − τ )),ϕ)
and alike for the measurement (ϕ = 1). In this paper, we show that
max
t ∈[0,T ]
‖un (t ) − u (t )‖2L2 (Ω) +
∫ T
0
‖∇un (t ) − ∇u (t )‖2L2 (Ω) dt = O (τ 2)
and ∫ T
0
|K¯n (t ) − K (t ) |2dt = O (τ 2).
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1 btcτ = i when t ∈ (ti−1,ti ]
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